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The two-dimensional dual boundary element method is applied in this paper for the static
analysis of lightly reinforced concrete beams, along with a nonlinear noniterative
approach, called ‘‘event-to-event’’ technique. This numerical technique put some restric-
tions on the model development, such as continuity of the process of discrete crack growth
and necessity of converting the constitutive law curves in a multi-linear form. The steel–
concrete interaction is taken into account by employing a modiﬁcation of a simpliﬁed bond
slip model, known from the literature. A number of numerical examples are solved, ana-
lyzed and compared with results from experimental studies. A parametric study is carried
out in order to reveal the speciﬁc features of the theory and to assess the potential of the
numerical method, nonlinear technique and constitutive modeling employed.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In this paper, the term ‘‘lightly reinforced’’ concrete beams is widely used, following the book of Bazant and Planas (1998),
number of papers of Ruiz et al. (1998, 2006) and Ruiz (2001) and the paper of Oliver et al. (2008). The meaning of this term is
closely related to the question of minimum reinforcement (q between 0 and 0.3%, see Bosco and Carpinteri, 1992) of rein-
forced concrete (R/C) beams, which are very sensitive to fracture in tension.
The quasibrittle materials like concrete have little tensile strength and develop cracks, and usually the concrete beams are
reinforced at least in the area where tensile stresses are expected. In general, the bending behavior of strongly reinforced
concrete beams (Bazant and Planas, 1998) is ductile and failure by steel yielding or concrete crushing in compression is pos-
sible. Structures of this type are rarely sensitive to fracture in tension, so they have not been much investigated from the
viewpoint of linear or nonlinear fracture mechanics. For lightly reinforced beams, however, the cracking strength may be
larger than ultimate yielding strength, which can lead to more brittle behavior and subsequently to a brittle failure mode.
For example, a lightly reinforced concrete beam in three-point bending usually experiences a brittle like type of failure, pro-
ducing a single crack across the central cross-section. It is clear from the experiments that besides the steel to concrete ratio,
there are few other parameters which have sometimes a signiﬁcant inﬂuence on the behavior and failure mode of such R/C
structural members, namely: the beam size, the type of reinforcement, the bond slip strength and the reinforcement cover,
Ruiz et al. (2006). Such longitudinally reinforced concrete beams without stirrups are object of this research, so after the
solution method, constitutive modeling and nonlinear procedures are developed and the computer code is made, a paramet-
ric study is carried out in order to reveal and estimate this inﬂuence.
There are several theoretical approaches which model the mechanical response of lightly, nonshear reinforced concrete
beams. They can be classiﬁed into two principal groups, Bazant and Planas (1998), Ruiz (2001) and Oliver et al. (2008): (1). All rights reserved.
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approach.
The models that make use of LEFM recognize the fact that the classical strength criterion is not adequate to explain the
crack formation in concrete – an energy criterion should be used instead. The ﬁrst solution of this type is due to Carpinteri
(1981), applying the principles of fracture mechanics to solve the problem of a reinforced concrete beam with an initial
crack. According to this elementary model a superposition of moment and steel force (applied remotely from the crack faces)
is made and the steel behavior is presumed elastic-perfectly plastic. The crack remains closed up to the steel yielding, there-
fore, it starts to grow when the steel yields and stress intensity factor reaches its critical value. The limitation that the crack
cannot propagate while the steel remains elastic was removed by Baluch et al. (1992). Their model kept Carpinteri’s solution
after steel yielding, but abandoned the assumption that the crack remains closed, while the steel is elastic. Bosco and Carp-
interi (1992) modiﬁed the initial Carpinteri’s model by letting the force of the reinforcement act on the crack faces but the
slip of the reinforcement was not taken into account. More or less these models employed the beam theory and Euler–Ber-
noulli assumption of linear strain variation, so the obtained results predicted well the post-peak behavior of the specimens,
but the initial strength was usually very large. The main drawback of LEFM models is the necessity of the initially notched
specimen, so that the crack can propagate from it. Therefore, for the case of un-notched beams the stress intensity factor is
always zero, implying that in strict LEFM the crack never initiates. The crack initiation can be simulated by the theory of non-
linear fracture mechanics only. Also all nonlinear features of the concrete, being in fact a highly nonlinear material, are ex-
plored in one single point – the crack tip.
The models of the second group take into account the concrete nonlinearity by including the strain softening into its ten-
sile behavior. The cohesive crack approach for concrete fracture was ﬁrst introduced by Hillerborg et al. (1976). This theory is
able to provide a complete explanation of the fracture at a material point, starting from the crack initiation upon reaching the
tensile strength, followed by the crack development, governed by the cohesive stress–crack-opening displacement relation-
ship, through a deﬁned in advance softening function. Although for the sake of simplicity we can assume that the cohesive
disintegration process takes place in the crack plane (Mode I is considered only), the problem requires development of non-
linear procedure and suitable numerical method. The ﬁnite or boundary element methods are usually employed. On the
other hand, the computer implementation allows more sophisticated modeling tools in order to make the numerical simu-
lation closer to the true structural behavior. We shall emphasize on the steel–concrete interaction problem, which is the way
the load is transferred between the concrete matrix and reinforcement. An interesting model was proposed and imple-
mented in a commercial ﬁnite element code, by Hawkins and Hjorsetet (1992), where the cohesive zone forces were trans-
ferred between crack faces by a set of softening springs. The authors made two types of analyses: in the ﬁrst one the
modeling presumed a perfect bond between concrete and reinforcement, whereas in the second a simpliﬁed idea of taking
into account the bond slip was explored. The value of the peak load in both predictions differed considerably, which is an
indication of the extremely important role of the bond modeling.
A simple but effective constitutive model accounting for the bond slip behavior was presented by Ruiz (2001). It took into
account the concrete cohesive properties as well as the relative slip between the single reinforcement layer and the cohesive
matrix. The shear stresses, transferred between the steel and concrete, were presented as a function of relative slip and their
resultant force was applied at a certain point inside the cohesive matrix. Another development of the above approach involv-
ing a ﬁnite element solution was presented by Cendon and Ruiz (2002), (see also Yu and Ruiz, 2006). In their paper, the con-
crete was modeled as a continuum, whereas the steel was overlapped and connected by interface elements to nodes
occupying the same initial position. The concrete continuity allows crack propagation through the reinforcement, on the
other hand, interface elements transmit shear stresses depending on the relative displacements between two materials.
In such a way the steel–concrete interaction is involved in the numerical simulation in a very simple manner. Since the ori-
ginal bond slip model of Ruiz (2001) is used with little amendment in the present computer code, the theory of the model is
brieﬂy outlined in Section 4.
The numerical simulations made in this research are based on the dual boundary element method (DBEM), developed
by Parvanova (2006, 2007) in the context of the cohesive crack approach. The steel force is smeared over an appropriate
number of boundary elements as tractions at the corresponding nodes, similar to interface elements proposed by Cendon
and Ruiz (2002). The nonlinear solution algorithm, accounting the physical nonlinearity of the material or the crack
propagation problem, is called ‘‘event-to-event’’ nonlinear algorithm and it is presented and described in detail by Par-
vanova (2007). With this technique the complicated and some times not easily converged iteration process is avoided.
The price paid for that is the assumption that the constitutive law for both materials – concrete and steel for the points
from the fracture process zone is approximated by a number of linear chords. A suitable modiﬁcation of the dual bound-
ary element equations is developed in order to implement the cohesive crack model, bearing in mind the above-men-
tioned hypothesis – see again Parvanova (2007). Furthermore, a modiﬁcation of the traction–displacement relationship
for the combined action of steel bars and concrete matrix, in case of absence of the start notch length, is also presented.
It should be mentioned that in the following text the term ‘‘iteration’’ is used in the sense of a nonlinear solution to
obtain converged results. By ‘‘noniterative’’ approach we mean that the classical nonlinear solution method is not fol-
lowed in this work.
The numerical model is validated against results from experimental studies of reinforced beams in ﬂexure in the last sec-
tion of the paper. A number of available from the literature experimental test are reproduced, Ruiz et al. (1998, 2006) and
Ruiz (2001), in order to illustrate the feasibility of the developed methodology.
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It is known that the boundary element method (BEM) is a well-established numerical technique and a powerful alterna-
tive of the ﬁnite elements. The solution of a general crack problem however, cannot be achieved with the direct application
of the standard BEM, because the coincidence of the crack boundaries causes an ill-posed problem. The DBEM constitutes
two-independent boundary integral equations, with the displacement equations used for the collocation points of the one
crack surface and traction equations for the corresponding points on the other surface – see Saleh (1997) and Parvanova
(2006). With this method the general mixed-mode crack problems can be solved successfully having both the crack surfaces
discretized with boundary elements.
The displacement and traction boundary integral equations for a two-dimensional domain with a smooth boundary for no
cracked contour C are worked out by Parvanova (2006), and can be given by the following system of equations:1
2
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Z
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C
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skijðx0; xÞukðxÞdCðxÞ: ð2ÞAvoiding the derivation details, the complete system of boundary integral equations for a crack point located on a smooth
boundary, is written in the following form:1
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skijðx00; xÞukðxÞdCðxÞ: ð4ÞIn Eqs. (1)–(4) the indices i and j range from 1 to 2 and refer to the Cartesian coordinate directions; uj(x) and tj(x) are dis-
placement and traction functions on the boundary C, respectively; uij and t

ij represent the Kelvin displacement and traction
fundamental solutions at a boundary point x; dkij and s

kij are third-order fundamental tensors, derived as linear combinations
of derivatives of Kelvin’s tensors; niðx00Þ denotes the ith coordinate of the unit normal to the boundary at crack nodal point,
whereas with x000 we denote the coincident to x
0
0 nodal point on the opposite crack surface.
The DBEM requires unconditional application of discontinuous boundary elements and analytical treatment of the
singular ﬁnite part integrals. In this study, we use the dual boundary element method for linear, double node discontin-
uous boundary elements, already developed by Parvanova (2006). Furthermore, the methodology is adapted to DBEM for
simulating tensile cracks in concrete and the ﬁctitious crack model to represent the fracture process zone. According to
the ﬁctitious crack model the fracture zone is replaced by cohesive forces (Saleh, 1997). The intensity of these forces
depends on the crack-opening displacement, so both the displacements and tractions of the nodes in the fracture zone
are unknown parameters. None of the discrete values can be found via the boundary conditions but a relationship be-
tween tractions t and crack-opening displacements Ducr is presented in a general form by the equation: t = k  Ducr, where
k is a constant (usually it is a known stiffness coefﬁcient) and could be either positive or negative. A new modiﬁcation of
the dual boundary integral equations then follows (Parvanova, 2007), and consequently after the boundary discretization
the set of linear algebraic equations is derived. The stress transferring capability is assumed according to a multi-linear
stress–deformation constitutive relationship having softening parts with negative slopes. Three different linear softening
models for the concrete are developed in this study (numerical results for the ﬁrst model only are illustrated in the pa-
per), along with an additional one accounting for the points of the steel layer, see Section 5 where some details are
given.
As far as a symmetric Mode I is considered only the crack path is known in advance. The boundary element mesh is pre-
pared in advance and remeshing is not needed during the incremental nonlinear crack growth process.
3. The ‘‘event-to-event’’ nonlinear numerical technique
In Fig. 1, a graphical presentation of the nonlinear numerical solution procedure is given and it is named ‘‘event-to-event’’
approach. For simplicity a bi-linear constitutive model is chosen, so the shown points should be considered as ‘‘state’’ points
where the current incremental solution begins or stops. In the context of the suggested name an ‘‘event’’ is happening when
a particular ‘‘state’’ point reaches a corner point of the constitutive model – that is the point where the slope k gets another
value. It should be pointed out that the movement of the state points is always from left to right, which implies the assump-
tion that the crack always grows.
The crack begins to propagate (to open) when the normal stress at the mathematical crack tip exceeds the max-
imum tensile strength of the material. The crack propagation can be controlled incrementally by increasing the crack
length as a monotonic increasing function as done by Saleh (1997). In such a case, we arrive to the somehow reverse
problem – the global unknowns of the problem are the load increment for the given new crack length increment and
the calculated traction increment at the nodal points. Therefore, an iteration procedure must be used. This scheme
basically addresses the determination of the corresponding load and displacement increments for a given crack tip
position.
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Fig. 1. Graphical representation of the nonlinear ‘‘event-to-event’’ solution algorithm with ‘‘reference’’ and ‘‘calculated’’ state points: (a) r  Ducr bi-linear
model; (b) ﬁctitious crack model and respective state points.
S. Parvanova, G. Gospodinov / International Journal of Solids and Structures 45 (2008) 4676–4686 4679The nonlinear solution developed by Parvanova (2007), follows in general the same general pattern, but is developed with
no iterations. The crack always grows but does not propagate with a chosen in advance constant length increment. The nodal
points in the undamaged and fracture zones follow the accepted stress-opening displacement curve which reﬂects to the
crack propagation. The nonlinear solution algorithm uses an event-to-event strategy for the softening branch of the state
points for both: undamaged and fracture crack zones, see Fig. 1(b). The solution steps are dependent on the number of nodes
located at the crack faces. The larger number of boundary elements on the crack boundary the larger number of nodes the
more solution steps.
It is instructive to trace the movement of one state point through the undamaged, fracture and real crack zones in Fig. 1
according to the present nonlinear incremental procedure. At the beginning there is no loading, the state point is in the
undamaged zone and the traction is zero. In the ﬁrst substep of the ﬁrst step a reference load with unit value is applied
and the system behaves linear elastic. As a result the traction becomes smaller or larger than the tensile strength ft, see
the state point (1) in Fig. 1. Having this solution available, using a simple linear approximation, we can obtain the necessary
increment of load (called calculated load) in order to get traction equal to the tensile strength. Then in the second substep of
the ﬁrst step the calculated load is applied and the state point gets into position [1] of Fig. 1. The ﬁrst ‘‘event’’ is happening
and the current results are saved. After that the state point into consideration falls into the fracture zone, so the relationship
between traction and opening displacement is ti = k1Dui – note that the slope value is already (k1). In the ﬁrst substep of
the second step the reference unit load is applied again and the new state point is (2), as shown in Fig. 1. The necessary load
increment can be obtained so that the considered state point reaches the new corner position [2]. As the state point position
[2] is again in the fracture zone, for the next step the stress–displacement law is ti = k2Dui, using the new slope (k2). The
obtained results are added to these from the ﬁrst step and saved again. The above procedure is repeated and the state point is
consecutively in the position (3) and [3], respectively. The results are accumulated and saved at the end of each step. Finally,
after few crack length increments with different amplitudes, the point into consideration falls into the real crack zone (posi-
tion (4)) and it is traction free.
Practically many nodal points from the boundary elements, located to the crack faces, are in the undamaged or fracture
zones, so the above checking procedure must be performed for every single point. The lowest value from the set of calculated
loads is taken as authoritative. Therefore, this load is applied at the end of each step and only one state point is located at a
corner point of the constitutive graphics. The crack growing procedure continues until the whole crack path, obtained by the
user in advance, becomes traction free or alternatively until the steel yielding capacity is reached.
4. The bond slip model of Ruiz (2001)
In this paragraph, the bond slip model proposed by Ruiz (2001) is brieﬂy described. According to this model the steel–
concrete interaction is approximated by means of closing forces spanning the crack, Fig. 2. Their magnitude is dependent
on the adherence law between the bars and the cohesive concrete matrix.
In order to build and develop the model the following assumptions were used:
 Bearing in mind that a lightly reinforced concrete beam is considered, we can presume that the reinforcement cross-sec-
tion is a small portion of the beam cross-section, as a result the cohesive matrix is considered rigid and the reinforcement
is accepted unstrained except over the slip zones of length Ls.
 Experimental evidences suggest that the axial steel stress r(x) is approximately triangularly distributed over a slip zone of
length Ls, starting with the maximum value rr at the crack location, Fig. 3(a). This implies a constant bond shear stress s
acting on the contact surfaces, leading to a constant distribution of the stress resultant q = ps over the slip zones, where p
is the perimeter of the reinforcing bars, s is the shear stress.
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Fig. 2. The Ruiz bond slip model: (a) mechanical action due to reinforcement on the concrete matrix; (b) elastic–plastic steel diagram rr  er; (c) rigid-
plastic bond slip diagram s  s; (d) shear stress transmission according to bond slip model; (e) approximation made in the present modeling.
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plastic bond slip relationship, see Fig. 2(b) and (c), where s is the relative slip between concrete and steel and sc is the bond
shear strength. It follows, therefore, that s 6 sc if s = 0 and s = sc if s 6¼ 0, which means that once the slip displacement s 6¼ 0,
the shear stress resultant q = psc is distributed uniformly, as shown in Fig. 2(a).
 Finally, it is assumed that the steel displacement at the crack plane is given by half of the crack opening at the reinforce-
ment level.
The global equilibrium of the horizontal forces requires: Fr = rr Ar = scpLs(Ar is the reinforcement cross-section), therefore,
for the slip length we get Ls = rrAr/(scp). By calculating the steel bar elongation wr and using the result for Ls the following
equation for the steel force Fr holds, Ruiz (2001)Fr ¼ Arrr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ArErscpwr
p
; if wr < wy; respectively; rr < ry; ð5ÞandFr ¼ Arry; if wr > wy; respectively; rr > ry; ð6Þ
where rr is the stress in the bar at the central cross-section, Er is its elastic modulus.
It turns out that Eqs. (5) and (6) represent the variation of the reinforcement force Fr (or stress) versus the growing
function wr of crack-opening displacement, see Fig. 2(e). They should be considered as a generalized nonlinear constitutive
law for the reinforcement, taking into account the bond slip between steel and concrete. The next and important step is
how the above model is going to be adapted in the context of the dual boundary element method and ‘‘event-to-event’’
technique.
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The dual boundary element method requires discretization on the boundary only, in this respect the discrete values of the
boundary tractions or displacements are the unknowns of the problem. On the crack faces however, both the traction and
displacement functions are not known, but a relationship between them exists through the respective constitutive laws.
The aforementioned ‘‘event-to-event’’ algorithm is ideally suited to the nature of coefﬁcient matrix obtained by the DBEM.
A linear dependence between tractions and displacements is required, that is why the constitutive law for the nodal points
must be approximated by a number of linear chords. Three alternatives are possible for the nodal points located on the dis-
cretized crack surfaces: (1) points belonging to the concrete matrix; (2) points belonging to the steel bar; (3) points which
include both materials and are subject of combine resistance. Therefore, three types of constitutive laws are developed.
5.1. The concrete softening constitutive law
The fracture process zone of concrete is represented by means of the cohesive (or ﬁctitious) crack model. The cohesive
crack opens when the normal stress reaches the tensile strength ft of the material. The intensity of cohesive forces in the
fracture zone is dependent on the crack-opening displacement Ducr and this relationship is considered as a constitutive soft-
ening function. The shape of the normal stress-opening displacement curve has a substantial effect on the ﬁnal results of the
analysis, since it governs the behavior of the fracture zone. With that end in view three different softening laws are adapted:
single, double and three straight lines approximation, Fig. 3(a)–(c). Some comparisons are made and the results are pub-
lished by Parvanova (2007), but only the ﬁrst case is treated here. The speciﬁc fracture energy Gf, is represented by the area
enclosed under each assumed softening model. When the normal stress of the node into consideration becomes zero the
crack-opening displacement reaches its critical value Duc and the node becomes a part of the real, traction free crack.
5.2. The steel reinforcement constitutive law accounting for the bond slip behavior
In many cases the experimental tests or numerical simulations are performed on R/C beams with an initial notch, starting
from the bottom of the beam up to the reinforcement level. In this case at the reinforcement level the steel force Fr is
smeared over an appropriate number of boundary elements as tractions at the corresponding nodes. The intensity of the
steel force depends on the elongation of the reinforcement which is actually the crack-opening displacement at this level.
The steel stress is Fr/(bk), where k is the total length of the boundary element, over which the steel bars are smeared; b is
the beam width. As mentioned before, Eqs. (5) and (6) can be considered as a generalized constitutive law for the steel,
accounting for the bond slip – it is plotted in Fig. 4. In order to comply with the requirement of multi-linearity of the respec-
tive function the following approximation is suggested for the nonlinear part of the force-opening displacement diagram
(Fig. 4). The axial tensile steel force is calculated for crack-opening displacements (or steel elongations) of wy/8, wy/2 and
wy, (wy is the displacement corresponding to the reinforcement yield stress), and between these points we develop three
linear functions, which approximate the curve shown in Fig. 4. The forth horizontal line covers the case when the steel stress
is reaching the yield stress rr = ry. In the computer program the diagram from Fig. 4 is implemented in a slightly different
form – steel stresses rr are calculated and put on vertical axes, instead of steel force.
5.3. The combined (steel + concrete) constitutive law
If a beam is considered without a notch the cohesive crack starts from the lowest central point and propagates up through
the concrete cover. The fracture process zone eventually extends and reaches the steel level with the smeared reinforcement
force. If the normal stress in so-called ‘‘mixed’’ nodal point is less the tensile concrete strength ft, the crack-opening
displacement Ducr is zero (and so is the steel elongation as assumed) and the constitutive diagrams from Figs. 3 and 4 arewr
Fr
y r yF A= σ
wywy/2wy/8
( )/ 2r r c yA E p wτ
( )/ 8r r c yA E p wτ
Accepted multi-linear relationship 
( )r r r r c rF w A E pwτ=
Fig. 4. Resultant axial force–crack-opening displacement (or steel elongation) diagram for the reinforcement.
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action.
The combined multi-linear constitutive diagram is given in Fig. 5(a), along with the corresponding picture of the bound-
ary nodes on both crack faces. It is a result of summation of both diagrams taken from Figs. 3 and 4. The concrete contribu-
tion is clearly seen over the steel hardening multi-linear stress–elongation relationship.
It is worth analyzing a typical load-vertical deﬂection and load–crack mouth opening displacement (CMOD) curves, ob-
tained by the present analysis, as those given in Fig. 6. The R/C beam is considered to have a low reinforcement ratio of
q = 0.13%. The section OA is linear and it corresponds to elastic behavior of both materials: concrete and steel. Then it is fol-
lowed by a nonlinear zone AB which is due to crack-opening development. The peak point B is considered to be the load
carrying capacity of the beam. It is reached when a critical combination of few parameters is formed – these important
parameters are discussed and their inﬂuence is analyzed afterwards. After the peak B the softening branch BC is coming next
due to growing of the fracture zone. The crack growth is in general sewed up by the reinforcement, on the other hand a soft-
ening process is happening owe to steel pullout and slip included in the model. It is presumed that at point C the concrete
contribution is spent and from this moment on an eventual hardening is happening because of the ascending branches of the
steel constitutive model. The hardening ends at point D at which the reinforcement yields. The shape of BCD curve consid-
erably depends on the value of the bond shear strength sc, for details refer to parametric study given in Fig. 9. If it is large
enough the branch considered can be descending only. From the yielding point D on, a branch DE follows with moderate
softening caused by the expansion of the fracture zone up to the end of the beam height. If the beam height is reached before
or along with the steel yielding the section DE would be horizontal.Fr/(bλ λ)=f(wr)
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whereas the load corresponding to point D – ultimate or ductile strength of the beam (Fy). It is presumed that if Fcr > Fy –
a brittle fracture mode will occur under load control, but If Fcr < Fy – a ductile failure mode is achieved under load control.
Note that a displacement control is performed for the solution from Fig. 6 governed by the ‘‘event-to-event’’ procedure. The
so-called transition load is received when Fcr = Fy which is considered to be a condition of the minimum amount of reinforce-
ment (see Bosco and Carpinteri, 1992).
6. Numerical results
The classical example of reinforced concrete beam subjected to three-point bending is analyzed in order to compare the
results, obtained by means of the DBEM and implemented bond slip model, against experimental results. The beam dimen-
sions, material properties and experimental curves were taken from the experimental program developed by Ruiz et al.
(1998). The tested concrete beams were of 75, 150 and 300 mm height and 50 mm width with proportional dimensions.
For the given beam dimensions and selected steel ratios q, the diameter of steel bars had to be smaller than the standard
rebars, so commercial wires with a nominal diameter of 2.5 mmwere used, see Fig. 7 and enclosed tables. Full comments for
the concrete and steel material properties and how the ribbed wires were prepared are given in the paper of Ruiz et al.
(1998).
The numerical model consists of 98 boundary elements, 26 of which are put on the crack surfaces – 13 at each one. The
nodal points of the crack elements follow the concrete constitutive law (Fig. 3a), where the linear softening function is used.
In this example, the reinforcing bars are smeared over two of the boundary elements and the corresponding nodes follow the
assumed steel constitutive model of Fig. 5.
The aim of the ﬁrst set of numerical simulations (see Fig. 8) is to validate the present DBEM numerical solution and imple-
mented constitutive models against the experimental data presented in the paper of Ruiz et al. (1998). Three different beam
heights are considered – 75, 150 and 300 mm, and two types of reinforcement bars – smooth and ribbed for every case. The
experimental envelopes from the multiple testing are also plotted in order to estimate how the numerical solutions ﬁt to the
experimental results. The peak loads (maximum cracking loads) are simulated very well and decrease with the beam size as
expected. It is interesting to note that their values are close for the cases of smooth and ribbed bars in spite of almost double
difference of sc parameters (see the tables in Fig. 7). However, in the post-critical zone the beams reinforced with ribbed
wires are stronger than those reinforced with smooth wires and that leads to a faster approach to the steel yielding. In gen-
eral the shape of the numerical simulation curves follows the experimental trend.
The peak in the load-deﬂection curve represents the load-carrying capacity of the beam and it is controlled by three
parameters: the bond slip characteristics, the steel ratio and the steel cover. The inﬂuence of these factors is parametrically
studied and analyzed next.
In Fig. 9 the load-deﬂection curves, obtained by variation of the bond slip strength sc are given. The bond slip strength
varies between minimum value, which is assumed equal to the tensile strength of the concrete, and perfect adherence. It
is apparent from the graphics that curves corresponding to extreme values of the bond strength differ appreciably, especially
in the post-critical zone as well as the peak loads. This indicates that the steel–concrete interaction plays an important role
and must be properly involved in the numerical modeling.
As about the speciﬁc modeling of the perfect bond adherence, it is assumed that the crack opening at the reinforcement
level starts to propagate when the steel yielding stress is reached. The start notch is not available, so for the crack expansion
through the steel bars an extra load is necessary. It will generate stresses in the corresponding nodes at least equal to the
sum of the tensile concrete strength ft and yield stress ry of the reinforcement. Therefore, for the case of perfect adherenceConcrete material properties 
fc Ec ft Gf
(MPa) (GPa) (MPa) (N/m) 
39.5 30.5 3.8 62.5 
Steel bars properties and bond-slip strength 
Wire Er y c
type (GPa) (MPa) (MPa) 
smooth 200 608 2.8 
ribbed 162 587 5.2 
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Fig. 7. R/C beam proportions, material properties and boundary element numerical model.
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4684 S. Parvanova, G. Gospodinov / International Journal of Solids and Structures 45 (2008) 4676–4686the constitutive law accounting the steel–concrete interaction and its combined action must be modiﬁed, in a manner shown
in the upper side of Fig. 9.
Another parametric study is carried out by variation of cross-section areas of the reinforcement and the generated load-
deﬂection curves are shown in Fig. 10. The general dimensions of the beam are sketched at the upper side of the ﬁgure. In the
numerical model the beam is reinforced with zero, one, two to fourteen ribbed steel wires. The corresponding reinforcement
ratios q vary between 0% and 0.92%. The range of q parameter is especially extended in this example in order to better esti-
mate the brittle and ductile collapse mechanisms and the transition between them. It is evident from the graphics that the
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Fig. 10. Load-deﬂection curves for different reinforcement ratios.
S. Parvanova, G. Gospodinov / International Journal of Solids and Structures 45 (2008) 4676–4686 4685inﬂuence of the reinforcement ratio on cracking strength of the beam is not so signiﬁcant especially for small values of q, but
it increases with the larger steel ratios. However, the load, corresponding to the yielding of the steel (ultimate or ductile
strength of the beam), differs considerably and increases proportionally with the number of the reinforcing bars, as expected.
The response is also stiffer for the larger steel ratios in the post-peak region.
Fig. 10 also presents a clear information about the range of reinforcement ratios for the particular R/C beam for which a
brittle mechanism of failure could be expected. These are lower three curves where Fcr > Fy with q between 0% and 0.13%. The
fourth curve (q = 0.196%) is within in the transition zone, whereas the upper six cases (q between 0.26% and 0.92%) with
Fcr < Fy have deﬁnitely a ductile mechanism of failure.
Fig. 11 presents the load–displacement relationships for R/C beams with different reinforcement cover, respectively, dif-
ferent effective depth. In our study the reinforcement cover varies between 0.075 and 0.375 of beam height D. The curves for
relatively small covers (0.07 and 0.15 D) are very similar to the typical graphics commented already (Fig. 6). If the cover is
large enough (lower three curves, c = 0.225 D; 0.300 D; 0.375 D) the peak load is attained before the expansion of the fracture0
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Fig. 11. Load-deﬂection curves obtained by variation of the reinforcement cover.
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crease, the growing fracture zone is reaching the reinforcement where it is ‘‘arrested’’ causing hardening followed by a sec-
ond peak, further softening and hardening again up to the yielding and development of plastic deformations in the
reinforcement.
In fact, the two peaks phenomena is observed and commented in some experimental test, which was mentioned in the
paper of Ruiz et al. (1998) and the book of Bazant and Planas (1998).
7. Conclusions
The static analysis and nonlinear behavior of lightly reinforced concrete beams is the subject of this research. The bond
slip model, proposed by Ruiz (2001), was modiﬁed and implemented in a software code based on the two-dimensional dual
boundary element method. A nonlinear numerical procedure was developed which requires multi-linear constitutive dia-
grams for the boundary crack points. It is shown that by means of such a multi-linear diagram any real nonlinear law could
be satisfactorily approximated. Based on the above numerical simulations and analysis, the following conclusions could be
drawn:
 The experimental validation proves that the numerical results closely predict the experimental data, which include tests
with different beam size and variation of bond slip strengths.
 The parametric study carried out for variation of the bond slip strength reveals that the discrepancy of the peak load cor-
responding to the minimum value of sc = ft and perfect adherence is more than 70%. This proves that the steel–concrete
interaction plays an important role and must be taken into account.
 The inﬂuence of different parameters was investigated through a parametric study and the obtained results conﬁrm the
expected sensitivity of the model, experimentally and theoretically detected and published in the literature.
 The obtained numerical results and their experimental veriﬁcations prove that the developed numerical model is prom-
ising for prediction of the static nonlinear behavior of reinforced concrete beams and especially beams with minimum
reinforcement.
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